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A construction is given of a family of symmetric block designs with parameters 
v=n)+n+l, k=nZ+l, ),=n whenever both n-l and n*-nfl are prime 
powers. (0 1988 Academic Press, Inc. 
Shrikhande and Singhi [3] and also Rajkundlia [2] have given con- 
structions for a family of symmetric block designs with parameters 
(v,k,A)=(n3+n+l, n2+1,n) (1) 
whenever both n - 1 and n2 - n + 1 are prime powers. The purpose of this 
note is to point out that the design (1) is a consequence of a well-known 
cyclotomic formula. 
Cyclotomy for a prime modulus p = ef+ 1 goes back to Gauss who 
definedf-nomial periods qk in terms of primitive root g as follows: 
f-1 
qk= 1 (-JyCk (k=O, 1, . . . . e- l), (2) 
1=0 
where w  is a primitive pth root of unity. The v’s satisfy an irreducible 
equation of degree e with integer coefficients and have the following well- 
known properties: 
C Vj= -l, (3) 
j=O 
e-l 
C ‘ljirl,+k=PE~--f (k=O, 1, . . . . e- l), (4) 
j=O 
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where 
1 
Ek = 
if f is even, k = 0; or if f is odd, k = e/2, 
0 otherwise. (5) 
Property (3) is clear. For a proof of the orthogonality property (4) see, for 
example, the book by Storer [S, Lemma 93. 
Our construction of the design (1) makes use of an analog of qk. For i, 
j= 0, 1, . ..) p - 1 we first define the shift matrix T of order p by 
T= (tii), where ti/= 
1 ifj- 1~ 1 (modp), 
0 otherwise. 
For n = 0, 1, . . . . p - 1 we have 
T” = (t;‘), where t!?) = 
1 ifj - i z n (mod p), 
rl 0 otherwise. 
The matrix T has the following useful properties: 
Tp=I, (T”)‘= l-p-“, Z+T+T2+ . ..+TP-‘= J. 
Here A’ denotes the transpose of a matrix A. The matrix J is the matrix of 
l’s of order p, and I is the identity matrix of order p. 
If in Eq. (2) we replace o by T we are led to a matrix Nk defined by 
Nk is a (0, 1)-matrix of order p with properties analogous to those of qk. In 
place of (3) we now have 
r-l 
c N,=J-I. (7) 
J=o 
In place of (4) we have 
e-1 
1 NjNj+,=(pl-J)&k+f(J-z), 
j=O 
where sk is defined in (5). 
(8) 
For a prime power modulus q = p’ = ef+ 1 we extend the definition of T 
as follows. Let yo, yi, .,., yy- i denote the elements of the finite field GF(q) 
numberedso that yo=O, yl=l, yqpi=-yi(i=O, l,...,q-1). For i,j, n= 
0, 1, . ..) q - 1 we define the matrix T (yn) by 
T(y,) = (t!“) where t!!‘) = 
1 ifyj-yy,=y, 
lJ ' rJ 0 otherwise. 
Thus T(y , ) = T when q is a prime. 
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The matrices T(y,) have the following properties (see [l, p. 3251): 
(i) T(y,) are permutation matrices with T(y,) = I. 
(ii) If m #n and ‘I/“‘= 1, then t$,?) = 0. Consequently T(y,) + 
T(y,)+...+ z-(y,-,)=J. 
(iii) (T(Y,))‘= T(Y,-,I. 
(iv) The matrices T(y,) form an abelian group under multiplication: 
T(Ym) T(Y,) = T(Y,h Ym + Yn = Y”. 
We next extend the definition of N, in (6) by defining 
/- 1 
N,= 1 T(yP’+k) 
1=0 
(k = 0, 1, . . . . e - 1 ), (9) 
where y is a generator of GF (q). Under this definition properties (7) and 
(8) of N, are preserved with p replaced by q. 
For a detailed treatment of cyclotomy over a finite field see the book by 
Storer [S, Part 11. 
We now turn to the construction of the design (1). For an integer n such 
that n2 - n + 1 is a prime power q we may write q = ef+ 1 with e = n, 
f= n - 1. Suppose also that n - 1 is a prime power. By a theorem of Singer 
[4] there exists a finite projective plane of order n - 1. This plane is 
equivalent to a symmetric block design with parameters u = n2 - n + 1, 
k = n, A= 1. Let A denote the incidence matrix of the design. Then A is a 
(0, 1)-matrix of order u which satisfies the equation 
AA’=@-l)z+J. (10) 
For q = ef+ 1, e = n, f = n - 1 the construction shown in the diagram 
below gives a symmetric block design with parameters u = n3 + n + 1, 
k=n’+ 1, l=n. 
No N, N, ... NC-, A B, 
N e-1 No N, ... N,+, A B, 
N r-2 N,-, No .‘. N,-, A B, 
. . . . . . . . . . . . 
N, N, N, ... No A Be-, 
A’ A’ A’ ... A’ I 0 
B; B: B; . . . B:p 1 0’ J 
The matrices N, (k = 0, 1, . . . . e-l) are of order n’--n+l and are 
defined in (9). The matrix A is of order n* - n + 1 and satisfies the 
156 ALBERT LEON WHITEMAN 
incidence equation in (10). The matrices Bk (k = 0, 1, . . . . e - 1) are of size 
n* - n + 1 by n. The entries in the jth (j= 0, 1, . . . . n - 1) column of Bk are 
l’s and the remaining entries are 0’s. The matrix 0 is the matrix of O’s of 
size n* - n + 1 by n, I is the identity matrix of order n* - n + 1, and J is the 
matrix of l’s of order n. 
We now show that the diagram is a symmetric block design with the 
required parameters. The major ingredient in the verification is summarized 
in the identity 
n-1 
AA’+ 1 NjN;+k= 
(n*-n+ l)I+(n- 1)J (k=O) 
j=O 
nJ 
(1 <k<n- l), 
which follows from (8) and (10). It should be observed that NI, = Nk when 
f is even and Ni = Nk+d2 when f is odd. The rest of the verification is 
straightforward. 
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